Abstract. In this note, we consider two types of bounded homomorphisms on a topological group. These classes of bounded homomorphisms are, in a sense, intermediate notions of a continuous homomorphism. With an appropriate topology, we show that each class of these homomorphisms on a complete topological group, forms a complete topological group.
motivation and prerequisites
Let us start with some motivation. When one deals with the concept of a bounded set in a topological vector space, there are some tools which are absolutely handy; for example scalar multiplication and absorbing zero neighborhoods. But, when someone wants to consider the notion of a bounded set in a topological group, the situation is completely different. There are niether scalar field nor absorbing neighborhoods. One may define a bounded subset in a topological group by substituting group multiplication instead of scalar multiplication in a topological vector space; but this definition does not match our intuition for a bounded subset since for example the multiplicative group S 1 is not bounded in this definition. Following [1] , a subset B of a topological group G is called bounded if for each neighborhood of identity e like V there is a positive integer n such that B ⊆ V n . On the other hand, bounded homomorphisms and their algebraic and topological structures on any topological algebraic structure are of interest for their own rights and also for their applications in other areas of mathematics. For examples, bounded operators on a topological vector space with suitable topologies form topological algebras; also, there is a spectral theory for these classes of bounded operators with some useful applications; see [2, 4, 5] for ample information. Therefore, it will be of interest to consider different possibly types of bounded homomorphisms on a topological group and to investigate which topological and algebraic properties of the underlying topological group can be transferred to the mentioned classes of homomorphisms. In this note, we examine two different notions for a bounded homomorphism on a topological group. These classes of bounded homomorphisms are in the "middle" of a continuous one, in a vision. We equip each class of bounded homomorphisms to an appropriate topology. As the main result, It turns out that they constitute complete topological groups provided that the underlying topological group is assumed to be complete and its singletons are bounded. For terminology and notations used in this paper, we refer the reader to [3] , as well as for an abstract and comprehensive taste of topological groups and related notions.
All topological groups in this note, are assumed to be abelian. Also, by a neighborhood we mean a neighborhood at identity element of the group and all of them are symmetric.
main results
Definition 1. Let G and H be two topological groups. A homomorphism T : G → H is said to be
Remark 2. Let T be an ng-bounded homomorphism between topological groups G and H. Then, it is bg-bounded. For, suppose B ⊆ G is a bounded set and U ⊆ G is a neighborhood for which T (U) is bounded in H. So, there is a positive integer n such that B ⊆ U n . Suppose W is an arbitrary neighborhood. There exists m with
Note that the converse is not true. Consider the following example.
Example 3. Let G = C − {0} and H = G N , the group of all sequences with elements in G, with pointwise multiplication and product topology. Consider the identity homomorphism I on H. It is easy to see that I is bg-bounded but it would not be ng-bounded since H is not locally bounded.
Remark 4.
One may verify that each continuous homomorphism is bg-bounded. For that, Let G and H be topological groups and T : G → H be a continuous homomorphism. Suppose B ⊆ G is bounded and neighborhood W is given. There exists neighborhood V such that T (V ) ⊆ W . Also, there is an n with B ⊆ V n . Thus,
Nevertheless, in spite of bounded operators on topological vector spaces, there is no more relation between continuous homomorphisms on a topological group and bounded ones, which is explained in the example below.
Example 5. Let G be S 1 , the multiplicative group of all complex numbers of modulus 1 with trivial topology and H be S 1 with the topology inherited from C. Consider the identity homomorphism from H into G. It is not difficult to see that I is not continuous, but it is bounded in both senses.
Remark 6. Note that if G is a topological vector space over R or C, we have two notions for a bounded set; one of them is related to group structure of G and another considers scalar multiplication. It is easy to see that these aspects of bounded sets have the same meaning.
Let G be a group. For two homomorphisms T and S on G, define group operations via T S(x) := T (x)S(x) and T −1 (x) := (T (x)) −1 , for each x ∈ G. It is easy to see that with the mentioned operations, the class of all homomorphisms on a group G forms a group. Now, assume G is a topological group. The class of all ng-bounded homomorphisms on G is denoted by B ng (G) and is equipped to the topology of uniform convergence on some neighborhood. Recall that a net (S α ) of ng-bounded homomorphisms converges uniformly on a neighborhood U ⊆ G to the homomorphism S if for each neighborhood V ⊆ G there exists an α 0 such that for each α ≥ α 0 , (S α S −1 )(U) ⊆ V . The class of all bg-bounded homomorphisms on G is denoted by B bg (G) and is endowed to the topology of uniform convergence on bounded sets. Note that a net (S α ) of bgbounded homomorphisms uniformly converges to homomorphism S on a bounded set B ⊆ G if for each neighborhood V ⊆ G there is an α 0 with (S α S −1 )(B)
Note that B cg (G) and B bg (G) form subgroups of the group of all homomorphisms on G. Also, B ng (G) is not a group, in general; the identity homomorphism on G need not be in B ng (G), in general ( see Example 3).
Theorem 7. The operations of multiplication and inversion are continuous in B ng (G) with respect to the topology of uniform convergence on some neighborhood.
Proof. Suppose (T α ) and (S α ) are two nets of ng-bounded homomorphisms which are convergent uniformly on some neighborhood U ⊆ G to the ng-bounded homomorphisms T and S, respectively. Let W be an arbitrary neighborhood. There is a neighborhood V with V V ⊆ W . There exist some α 0 and α 1 such that (T α T −1 )(U) ⊆ V for each α ≥ α 0 and (S α S −1 )(U) ⊆ V for each α ≥ α 1 . Choose α 2 with α 2 ≥ α 0 and α 2 ≥ α 1 . If α ≥ α 2 , then we have
Also, for continuity of inversion, since every neighborhood is symmetric, we have Proof. Suppose (T α ) and (S α ) are two nets of bg-bounded homomorphisms which are convergent uniformly on bounded sets to the bg-bounded homomorphisms T and S, respectively. Fix a bounded set B ⊆ G. Let W be an arbitrary neighborhood. There exists a neighborhood V with V V ⊆ W . There are some α 0 and α 1 such that (T α T −1 )(B) ⊆ V for each α ≥ α 0 and (S α S −1 )(B) ⊆ V for each α ≥ α 1 . Choose α 2 with α 2 ≥ α 0 and α 2 ≥ α 1 . If α ≥ α 2 , then we have
For continuity of inversion, note that for sufficiently large α, we have
Theorem 9. The operations of multiplication and inversion are continuous in B cg (G) with respect to the topology of cg-convergence.
Proof. Suppose (T α ) and (S α ) are two nets of continuous homomorphisms cg-converging to the homomorphisms T and S, respectively. Let W and V be arbitrary neighborhoods. There exist neighborhoods W 1 and V 1 such that
There are a neighborhood U and some indices α 0 and α 1 with (
for sufficiently large α. This completes the proof.
In this part, we investigate whether or not each class of bounded homomorphisms in the assumed topology is uniformly complete.
Lemma 10. Suppose (S α ) is a net of continuous homomorphisms which converges to the homomorphism S in the cg-convergence topology. Then, S is also continuous.
Proof. Let arbitrary neighborhood W be given. Choose a neighborhood V such that V V V ⊆ W . There are a neighborhood U and an α 0 with (S α S −1 )(U) ⊆ V V for each α α 0 . Fix an α α 0 . There exists a neighborhood
Lemma 11. Suppose (S α ) is a net of bg-bounded homomorphisms which converges to the homomorphism S in the topology of uniform convergence on bounded sets. Then, S is also bg-bounded.
Proof. Let W be an arbitrary neighborhood. Fix a bounded set B. There is an α 0 such that (S α S −1 )(B) ⊆ W for each α α 0 . Fix an α α 0 . There exists a natural n with S α (B) ⊆ W n , so that
as we wanted.
Remark 12. The class B ng (G) can contain a Cauchy sequence whose limit is not an ng-bounded homomorphism; in other words, B ng (G) is not uniformly complete in the assumed topology. Let G be as in Example 3 and (S n ) be a sequence of homomorphisms on G which are defined as follows:
Each S n is ng-bounded. For, if U n is the neighborhood defined via
then, it is easy to see that S n (U n ) is bounded in G. On the other hand, it is not a difficult job to show that (S n ) is uniformly convergent to the identity homomorphism I on G but we have seen in Example 3 that I is not ng-bounded.
Now, we are going to find conditions under which, each class of bounded homomorphisms is topologically complete. In the concept of bounded operators on topological vector spaces, absorbing neighborhoods and being locally convex are two fruitful tools for discovering conditions ( see [2] ). In topological group version, it turns out that boundedness of every singleton is a handy tool. By Theorem 7.4 from [3] , when G is a connected topological group, then, it is absorbed by positive powers of any neighborhood, so that every singleton is bounded; note that connectedness is not a necessary condition, for example the additive group Q of rational numbers is totally disconnected but every singleton is bounded. There are examples of abelian topological groups whose singletons are not bounded. For example, let G be an abelian topological group and consider the topological group H = G × Z 2 . Then, G × {0} is a zero neighborhood which is not absorbing so that singletons are not bounded, in general. In the following theorems, we assume that every singleton in the underlying topological group G is bounded.
Theorem 13. If G is a complete group, then B cg (G) is complete.
Proof. Suppose (T α ) is a Cauchy net in B cg (G) and W is an arbitrary neighborhood in G. Choose neighborhood V with V V ⊆ W . Find neighborhood U and an index α 0 such that (T α T β −1 (U)) ⊆ V V for each α ≥ α 0 and for each β ≥ α 0 . Suppose x ∈ G. First, assume that x ∈ U. Indeed, (T α T β −1 (x)) ∈ W . Thus, ((T α (x)) is a Cauchy net in G. For arbitrary x ∈ G, there is a non-negative integer n such that x ∈ U n . Since the product of Cauchy nets in a topological group, is again Cauchy, it follows that (T α (x)) is a Cauchy net in G, so that it converges. Put T (x) := lim T α (x) for each x ∈ G. Since this convergence holds in B cg (G), by Lemma 10, T is also continuous and this would complete our proof. Theorem 14. If G is a complete group, then B bg (G) is also complete.
Proof. Suppose (T α ) is a Cauchy net in B bg (G) and W is an arbitrary neighborhood of identity. Since every singleton x ∈ G is bounded, there is an α 0 such that (T α S β −1 (x)) ∈ W for each α ≥ α 0 and for each β ≥ α 0 . This concludes that ((T α (x)) is a Cauchy net in G. Therefore, it converges. Put T (x) := lim T α (x), for each x ∈ G. Now Fix a bounded set B ⊆ G. For sufficiently large α and β, we have (T α S β −1 (B)) ⊆ W , so that for each x ∈ B, (T α T β −1 (x)) ∈ W . Therefore, (T α T −1 (x)) ∈ W . Since this convergence holds in B bg (G), by Lemma 11, T is also bg-bounded, as we wanted.
Remark 15. Note that when G is a complete group, then B ng (G) might fail to be a complete topological group. Consider Example 3 and Remark 12.
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